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The structure of primitive solvable permutation groups has bee:r 
thoroughly investigated since Galois. Relying on the known structure 
theorems, we determine the largest order a*(n) of a primitive solvable group 
of degree II (Theorem 3). In the course of the proof we obtain the largest 
order a(n) of a transitive solvable group of degree n as well (Theorem 2). 
Although the formula describing the exact value of I* is quite 
complicated, we are able to give an asymptotic evaluation. It turns out thar. 
the order of a primitive solvable group of degree n is bounded by 24 -~ !” 12’ 
for a constant c = 3.24399... (Theorem I). 
A similar asymptotic estimate obtained recentiy by Babai, Cameron and 
Pilfy 111 shows that the orders of those primitive permutation groups of 
degree IZ in which all nonabelian simple sections have orders less than a iixed 
integer K are bounded by n’, where c = c(K) depends on K only. Related 
estimates under the assumption of the classification of finite simple groups 
are given by Cameron [2 ] . 
Strong motivation for such asymptotic estimates comes from recent results 
of Luks 151 on the complexity of graph isomorphism testing. The results of 
the present paper have immediate application to graphs of vaience <5 and 
they have relevance for the isomorphism problem of tournaments as well. 
Our basic reference is Suprunenko 171. Most of the results we need OI? 
solvable linear groups can be found in his earlier book lf11, too. See aiso 
Dixon 14 1. Throughout the paper, p denotes a prime number. S, stands for 
the symmetric group of degree II. The symbol 1 is used for wreath product. 
G(pk) will denote the group of semilinear transformations of the form 
x+ UK” of the field of pk elements, where a E GF(pk), a f 0: and a is a 
field automorphism. Clearly, G(p”) is an irreducible solvable subgroup 01 
G%(k,y) and IG(p”); =k(pk - 1). If we write G = G(#) for some 
G < Gl>(k,p), we mean that the field multiplication can be defined on the k 
dimensional vector space over GF(p) so that this equ.ality holds. 
127 
002 :-8693/82/G’G i27 i !SO2.GG~G 
Copyright 0 1982 by Academic Press, inc. 
ALI rights of reproduction in any form resewed. 
128 P. P. PALFY 
I. THE ROUND 
In this section we derive an upper bound for the orders of primitive 
solvable permutation groups. The result is based on a lemma which describes 
those irreducible solvable subgroups of maximal order in GL(d,p) which are 
primitive (as a linear group). 
THEOREM 1. Let T be a primitive solvable permutation group of degree 
n =pkF n > 1. Then 
1 Tj < 24 -“3 ncp: (1) 
where 
c2 = I + log, 6 . 24 “3 = 3.05664..., 
c3 = 1 + log, 48 . 241!3 = 3.24399..., 
c5 = 1 + log,, 96 . 24l’” = 2.74710..., 
c, = 1 + log,, 144 . 24”3 = 2.54918.... 
and for p > 7 
cp= 1 +log,(p- 1). 24”” (2 < cp < 2.5). 
There are infinitely many powers of every prime for which the bound (1) is 
attained. 
LEMMA 1. Let G< GL(d,p) b e an irreducible solvable group of 
maximal order. Then either G is imprimitive (as a linear group) or we have 
one of the following cases: 
(i) d= l;G=G(p), IGl=p- 1; 
(ii) disaprimeandpd-l>(p-l)d(d-l)foroddd,whilep=2 
orp>llford=2;G=G(pd),IGI=d(pd-1); 
(iii) d=2, 3<p< 11; jGI=24(p- 1); 
(iv) d=3,p=7; ICI= 1296; 
(v) d=6,p=2; ICI= 1296. 
We shall denote the exceptional groups (iii)-(v) by G*(pd). 
Proof of Lemma 1. Suppose that G < GL(d,p) is a maximal (with 
respect to inclusion) primitive solvable group. Except for the cases (i)-(v) we 
shall construct irreducible solvable subgroups of GL(d,p) with greater order. 
Our basic tool is the description of the maximal primitive solvable linear 
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groups due to Suprunenko 17, §Q 19-211. Let F be the maximal abelian 
normal subgroup of G, V= C,(F), and A/F be the maximal abelian normai 
subgroup of G/F contained in VjF. Then F is the multiplicative group of a 
field of p” elements with a dividing d, and (G/Vi < a. If 
b = d/a = fi qTi 
(qi prime, e, > I): then /A/F] = b2, every prime divisor of b divides IFI and 
VliA is isomorphic to a solvable subgroup of the direct product of the 
symplectic groups Sp(2e,, qi) (i = l,..., m). Denoting by s(q’) the largest 
order of a solvable subgroup of Sp(2e, q) we have 
G = iG/VIIF;!IA/FII V/AI <a@” - 1) b2 1’1 s(qT). 
j=l 
(2; 
For the sake of brevity we shall writef for a(@ - :): so 
We shall make use of the following estimates for s(q”): the trivial OxIe 
s(q”) < !Sp(&: q)l = (42’ - 1) q”E. ’ . . . (q2 - 1) q < qpizc /- I), (4) 
Dixon’s bound 13, Lemma I] : 
s(q’) < 24- li3(7p’)“c, 
finally, owing to Sp(4,2) z S, we have 
~(2~) = 72. 0) t 
First consider the case b # 1, 2, 2’, 23, 2”? 2’, 3, 3’. Take a maximal tran- 
sitive nilpotent subgroup N < S,, of order 
(see 17, Theorem 5.11). Then the wreath product G(p’) 1 N < GL(d,p) is an 
irreducib!e solvable group and making use of (2), (4) and (3) we obtain 
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I G(pO) (’ fv > (a(p” - l))b nr:, q;+ ‘)‘M-‘) 
IGI a(p” - 1) b2 ny=, qy(*ei+l) 
a jy! qi- 
h 1 t(~-~1)~(9i~1)-2~i--fi(*@itl) 
= [! q:“‘-‘- 1):(9~--1)-(e~tl)(*ejt 1) t (h--q) 
It is straightforward to check that for the allowed values of b the exponents 
are non-negative, hence 
IG(p”))NI > :GI. 
Case b = 2. For f > 12: statements (2) and (4) imply 
IG(d”)iS,l f*.2 f 
IGI +. 2”. ISp(2,2)1 =12> l. 
Since 2 divides p” - 1, there remain the cases p” = 3: 5,7, 11, 13. 
Case b = 2*. For ,f> 4, (2) and (6) imply 
IG(P~S~I > f4.24 
IGI ‘f. 42. 72 > ‘. 
Since 2 divides p” - 1, there remains the case p” = 3, when we have 
iGL(2,3)&=4S2.2>2.4’.72>~GI. 
Case b = 2”. For f > 3, (2) and (5) imply 
IGW)!S~~SZI > f” .24’. 2 
ICI Hf. 82 24-l:” 728’3 > la 
Since 2 divides p” - 1, there remains the case p” = 3, when we have 
IGL(2,3)~S,/=484.24>2.82.24-1i3.72”’3>lGGJ. 
Case b = 2’. For f > 3, (2) and (5) imply 
I GW’) 1’ S, 1 S, I f 16 . 24’ 
IGi a f. 162 . 24-I:3 . 7216’” > ” 
Since 2 divides p’ - 1, there remains the case p” = 3: when we have 
)GL(2,3)(S,(SzI=48X.242.2>2.16’.24-’:3.72’f’/”~iGj. 
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Case b = 2”. Now (2), (4) and (3) imply 
IG(p”)(‘S,)S,iS,! > f”‘. 24!!‘. 2 > 1 
IGI 
f. 322 . 255 ’ 
Case b = 3. Forf> 6, (2) and (4) imply 
IG(p”)l S,i > f”. 6 .f2 - !GI ‘f. 3’. IQ(2,3)1 ==x> I’ 
Since 3 divides p” - 1, there remain the cases p” = 4: 7. 
Case b = 32. Now (2): (4) and (3) imply 
IG(P”)~S,~S,I f’ - 15~ 
KI 
Q. 92. 310> 1. 
Before turning to the case b = 1: we summarize what we have proved till 
now. We have that except for seven cases which are listed in Table I? a 
primitive group with b > 1 cannot be of maximal order among the 
irreducible solvable subgroups of GL(d,p). Except for the case b = 3: p” = 4 
the dimension (d = ab) is a prime number, and then Theorem 21.6 of 17 1 
applies and gives the orders of the (up to conjugation) three maximal 
irreducible solvable subgroups of GL(ab,p). (G*(pah) denotes the maximal 
primitive solvable group corresponding to b and p”.) A similar argument 
works for the case pd = 26 and shows that in GL(6,2) there are four 
conjugacy classes of maximal irreducible solvable subgroups. In Table I the 
largest orders are denoted by the *. So we have the exceptional cases 
(iii)-(vj. Notice that in case (iii) for p = 11 and in cases (iv) and (v) the 
groups G*(p”“) are not the unique irreducible solvable subgroups of 
maximal order, hence we may neglect them if we deal only with orders. (This 
is also the reason why we omitted the detailed investigation of GL(6,2).) 
Now consider the case b = I. Then by [ 7, Theorem 21.11, G := G(pd), 
iGI=d(p”-l).Ford=l,G=G(p)=GL(l:p)andwegettheexceptional 
TABLE 1 
/ G(P”“)~ 
2 3 
2 5 
2 I 
2 11 
2 13 
3 4 
3 I 
2: 48 16 
:+ 96 48 
* 144. 96 
r:; 240 * 240 
288 * 336 
:+ 1296 378 
* 1296 1026 
8 
32 - 
72 -_.. 
200 - 
288 
* 1296 882 
* 1296 -._ 
(iii] 
(iii) 
(iii) 
(iii) 
(iv) 
(V) 
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case (i). If d is a prime, then, except for the cases investigated above, the 
only competitor for G(pd) is the imprimitive group G(p) (’ R,, where R, 
denotes the (up to conjugation unique) maximal transitive solvable subgroup 
of S, (cf. 17, Theorem 21.61). Comparing the orders we get 
I G(pd)l 4pd - 1) pd- 1 
IG(p)(R,I = (p- l)“d(d- 1) = (p- l)d (d- 1) 
which leads us to the exceptional case (ii). Finally, for composite d take a 
prime divisor 4 of d and let C be a regular cyclic group of order d/q (>2). 
Then 
diu 
completing the proof of Lemma 1. 
Proof of Theorem 1. Let T be a primitive solvable permutation group of 
degree n = pk, n > 1. As it is well-known, the stabilizer T,, of a point is 
isomorphic to an irreducible subgroup of GL(k,p) and ] T: TO I = n. Now let 
G be an irreducible solvable subgroup of GL(k,p) of maximal order, hence 
] T,,I < I G]. Then G = G, ) R, where G, < GL(d,p) is an irreducible solvable 
group of maximal order, G, is primitive, R < S, is a transitive solvable group 
of maximal order, dr = k (cf. [7, Theorem 18.51). By Lemma 1, G, is one of 
the groups listed in (i)-(v). We claim that 
1 G, 1 < 24-‘/3pd(W) (7) 
holds; moreover we have equality iff G, is one of the following groups: 
G(2’) = GL(2,2), G*(3’) = GL(2,3), G*(52), G*(72) and G(p) for p > 7. 
The cases (i), (iii), (iv), (v) and G, = G(22) can be easily checked. In case 
(ii) for p = 2 we have 
24-I/3 . 2d(ez-1) (6 . 241/3)d/2 
I Wd>l = 24”3 d(2d - 1) 
d 1 > I 
24”3 d 
whenever d > 3. Similarly for p = 3, 5, 7 we have 
24-l/3 pd’cn- 1) (24(p - 1) 241’3)1/2 d 1 
IG(pd)l > P 
24’/3> 1, 
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and for p > 7, 
24-li3pd(cp-- Ij 
I G(lod)l 
> ((P- 1) 241’3 
\--?----- 
Dixon 13, Theorem 3 ] proves that 
IR i < (24”“)‘- ’ (8) 
with equality for r = 4’, R being the wreath product of t copies of S,$. 
Combining the estimates (7) and (8) we obta.in 
ITI=nIT,j,<njGI=:n/G,;‘lRj 
< n(24- l/Jpd(c,- I))r (24 I:3)r- J 
= 24 - l!jnp dr(c,,- I) = 24 - I/3nc, 
This bound is attained whenever TO has the form G, (‘R with G! = GL(2,2), 
GL(2: 3), G*(.5*), G*(7*) or G(p) for p > 7 and R is the wreath product of 
some copies of S,. 
2. THE MAXIMAL ORDER OF A TRANSITIVE SOLVABLE 
PERMUTATION GROUP 
In this section we determine the largest order of a transitive solvable group 
of a given degree. In a way it is a sharpening of a result of Dixon 13: 
Theorem 31. First we prove a lemma which describes those transitive 
solvable groups of maximal order which are primitive. This result is 
analogous to Lemma 1, but the proof is considerably simpler. 
For a prime number q, R, will denote the group of linear functions 
x ct ax + b a, b E GF(q), a # 0. Clearly R, is a transitive solvable group 
and IR4j = q(q - 1). For G < S, we shall write G = R, if we can define the 
field structure on the permuted q element set so that the equality holds. 
Furthermore, we shall write R, = S,. 
LEMMA 2. Let G < S,, be a transitive solvable group c$ maximal order. 
Then either G is imprimitice or we have one of the following cases: 
(i) n= I, JGI= 1; 
(ii) n is a prime, G = R,, IGI = n(n - 1); 
(iii) n - 4, G = S,(= RJ, IGI = 24. 
ProoJ For n = 1 the assertion is trivial; for prime H it is well-known (cf. 
17, Theorem 4. I I]). 
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Now let n be composite. If G is primitive, then n =pk for a prime. p and 
k > 2. Let P be a Sylow p-subgroup of S,, then P is transitive and solvable. 
For pk f 2*, 23, 24, 32 direct calculation yields that 
IGI <pk IGL(k,p)l =pk(pk - 1) ... (p” -pk-‘) <P~‘-‘.~ 
\P < (/lk-1)/(/l--l) = IpI, 
Furthermore, for pk = 32 we have I GI < 322’r * < 65 = IS, 2 S,I and for 
pk=24, IGI ( 2”2+4 ( 245 =IS,)S,l. In case pk=23 the simplicity of 
GL(3,2) implies that 
Finally, if n = 4 then S, is solvable, so we get (iii). 
Let Q be the set of prime numbers with the number 4 added. We define an 
ordering < on Q which agrees with the natural ordering for the odd primes, 
4 is the first element and 2 lies between 5 and 7, i.e., 
4 < 3 < 5 < 2 < 7 < 11 < 13 <.... 
If n=2 *b+kz 3kyk-’ 7k’... is the canonical decomposition of n into primes 
with k, E (0, 1 }, k,, k,, k,, k, ,... > 0, then the Q-decomposition of n will be 
n = 4ka 3h 5k 2b 7ki..., (9) 
THEOREM 2. A transitive solvable subgroup in S, of maximal order is 
the wreath product of k, copies of R, for each q E Q, the factors are taken in 
the order according to < , where the multiplicities k, (q E Q) are determined 
by the Q-decomposition (9) of n. It implies that the largest order o(n) of a 
transitive solvable permutation group of degree n is 
a(n) = 24 ((4k4- 1)/3)fl4 ,;lAe (q(q - 1))((*K4-‘)I(q--‘))11* (10) 
where 
It, = 11 rkr. 
=Q 
4-2 
Proof. A transitive solvable subgroup of maximal order in S,, is clearly a 
wreath product of some primitive solvable groups. The factors are transitive 
solvable subgroups of maximal order in the corresponding symmetric groups. 
Therefore Lemma 2 applies and we obtain that the factors are some R, with 
q E Q. Observe that for q, r E Q, 
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and by direct calculation 
iR41”3 > iR,l!‘* > lR,l”4 > IR2i > IR,I”” > *I. (12) 
(partly since (x(x - l))“(X-l) decreases for x > 4). Furthermore, 
IR,I=24>8=IR,!R,j. (13) 
Owing to these observations if the order of the factors differed from that of 
determined by < ) then we could change the neighbouring factors or we 
could unite two R, factors into an R, factor, in both cases the new groups 
being bigger by (I I), (12) and (13). This proves the assertion of Theorem 2, 
then the formula (10) follows easily. 
3. THE MAXIMAL ORDER OF A PRIMITIVE SOLVABLE 
PERSKJTATION GROUP 
In this section we determine the maximal order o*(n) of primitive solvable 
groups of given degree n = pk > 2. We express o*(n) as the maximum of 
three (or less) possible orders. There is no simple general rule for deciding 
which one is the maximal. Furthermore, we remark that for certain values of 
n there are essentially different primitive solvable groups with the same order 
ayn>. 
THEOREM 3. For the maximal order o*(n) of a primitive solcable 
subgroup of S,(n =pk > 2) we haae 
; (p - 1)” a(k) 
I 
(2(pZ -- l))k’Z @k/2) 
a*@) - max :, 
1 (24(p - I))k;2 a(k/2) 
II 
(4(P9 - l))k!q o(k/q) 
I, 
(for o(k) see (10)). 
(ifP > 2) 
(iyk is even p = 2 
orp> 11) i 
(ifk is even and 
3<P<7) 
.for the smallest odd 
prime divisor q cg” 
k (ifthere is any) 
4) 
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ProoJ Obviously a*(n)/n is the maximal order of an irreducible solvable 
subgroup of GL(k,p). Such a group has the form G 2 R, where G < GL(d,p) 
is one of the groups listed in Lemma l(i-v), R < S, has order c(y) and 
dr = k (cf. the proof of Theorem 1). Since we are interested only in the 
orders, we may neglect he groups G*(l l”), G”(26), G*(73), so we have one 
of the following cases: 
(a> G=G(p), IGIRI=(p-lI)ko(k); 
(b) G = G(pY) for a prime divisor q of k, IG t R j = 
(W-’ - 1 >I”‘” Wq); 
(c) G = G*(p’) for k even, 3 <p < 7,I G l R I =,(24(p - l))k’2 u(k/2). 
In case (a), pk > 2 and the irreducibility of G (‘R imply that p > 2. In case 
(b), the possibilities q = 2, 3 <p < 7 are excluded in Lemma 1. What 
remains to prove is that if t is an odd prime divisor of k but not the smallest 
one, then G(p’) I R (with R < Skll, JR I = u(k/t)) cannot be of maximal 
order. Let s be the prime divisor of k which precedes t. Since t is not the 
smallest odd prime divisor of k, it follows that s is odd. We shall show that 
(s(p” - l))k’s a(k/s) > (t(p’ - l))k” o(k/t). (15) 
Distinguish two cases according to whether in the Q-decomposition of k t 
follows s or there lies a 2 factor between them. In the first case the Q- 
decomposition of k has the form k = k, stk,. Now 
(s(p” - l))k’s u(k/s) 
(t(p’ - I))k’t u(k/t) 
k u(k,)‘kz (t(t - l))k’ u(kJ 
u(kJskz (s(s - l))k’ u(k,) > ” 
since t > s, (x(1 - I/P~))‘!~ decreases for x > 5 and (3(1 - l/~~))‘!~ > 
(5(1 - l/p”))“‘. Similarly, in the second case, k = k, s2tkz: so s < 5 and 
t > 7, hence 
(s( ps - 1 ))kls u(k/s) 
(t(p’ - l))ki’ u(k/t) 
= (s(1 - l/p”))“” 
( 
k u(kl)ZfkZ 2’k2(t(t - l))k2 u(k,) 
(t(1 - l/pqi’t u(k,)s2k2 (s(s - 1))2k’ 2k2u(k,) 
> 2’..., to- 1) (4s - 1)) 2 )x2> (2’g-$)k2 > 1. 
The proof is complete. 
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